be driven slantwise by the friction force on the face of the nail head.
First, the normal of the board is directed with 8 8 8 X = 90 and 8 8 8 Z = 30 , and a nail is tapped perpendicularly on the board. The endeffector of the manipulator is positioned as described in Section IV, and the hammer is swung by s1d of (33) so that the hitting time can be t 1d : When the hammer hits the head of a nail, the strain signal v s (t) was similar to the waveform in Fig. 5 . The robot could drive three nails into the board perpendicularly as shown in Fig. 8 (a). The perpendicularity of the three nails shows that the tangential velocity is negligible. When the hammer hits a nail at a conventional hitting time t1; the three nails were driven into the board slantwise not perpendicularly, as shown in Fig. 8 (b). The slant is caused by the tangential velocity at the hitting. Next, the board is rotated at 8 8 8 X = 60 while keeping 8 8 8Z = 30 to verify the nailing in a nonvertical plane. The obtained strain signal v s (t) was similar to Fig. 7 and a nail could also be driven into the board perpendicularly.
The experiments prove that the flexible link hammer can hit an object flatwise without a tangential velocity at the proposed hitting time t 1d :
VI. CONCLUSION
Hitting by a flexible link hammer under gravity has been taken into consideration. The motion of the hammer subjected to gravity has been analyzed in order that the robot can hit an object from any direction in a 3-D space. This paper has derived the hitting conditions that the hammer can strike an object flatwise without a tangential velocity to its face. The conditions are realized by adjusting the swing-up angle of the link and positioning the base of the hammer. It is seen from experiments that the flexible link hammer can drive a nail perpendicularly into a board. [5] 
A Decomposition of the Manipulator Inertia Matrix

Subir Kumar Saha
Abstract-A decomposition of the manipulator inertia matrix is essential, for example, in forward dynamics, where the joint accelerations are solved from the dynamical equations of motion. To do this, unlike a numerical algorithm, an analytical approach is suggested in this paper. The approach is based on the symbolic Gaussian elimination of the inertia matrix that reveal recursive relations among the elements of the resulting matrices. As a result, the decomposition can be done with the complexity of order n; O(n)-n being the degrees of freedom of the manipulator-, as opposed to an O(n 3 ) scheme, required in the numerical approach. In turn, O(n) inverse and forward dynamics algorithms can be developed. As an illustration, an O(n) forward dynamics algorithm is presented.
Index Terms-Articulated-body inertia, Kalman filtering, reverse Gaussian elimination (RGE), serial manipulator, symbolic decomposition.
I. INTRODUCTION
The inertia matrix of a robotic manipulator or the generalized inertia matrix (GIM) arises from the robot's dynamic equations of motion. The decomposition of the GIM is required, for example, 1042-296X/97$10.00 © 1997 IEEE to perform forward dynamics, which is necessary in simulation. In forward dynamics, the joint accelerations are solved from the dynamic equations of motion. To do this, a numerical algorithm, first, calculates the numerical values of the elements of the GIM. Then, its decomposition is performed, for example, using the Cholesky decomposition [1] , before the joint accelerations are calculated by forward and backward substitutions. Hence, for an n degrees of freedom fixedbase serial manipulator, complexity of order n 3 , denoted by O(n 3 ), is inevitable. Besides, no insight is possible due to pure numerical approach. Therefore, a different look into the problem was sought, which resulted in a forward dynamics scheme based on the articulatedbody inertia [2] . This allows one to calculate the joint accelerations with O(n) computations. The concept bears a resemblance to the approach reported in [3] whose complexity is also of O(n), but is less efficient than that of [2] . The approach in [2] , compared to an efficient O(n 3 ) algorithm, e.g., [4] , is not suitable for the forward dynamics of manipulators with n < 12. This is due to very small coefficient of n 3 , namely, 1=6. On the contrary, the solutions of the joint accelerations using the O(n) algorithms are smoother [5] .
Hence, their numerical integrations, as required in simulation to find out the joint velocities and positions, converge faster. As a result, in simulation, O(n) algorithms perform better than the O(n 3 ) scheme.
Later, in [6] and his other papers, many O(n) simulation algorithms for different robotic systems are provided without any complexity count. They are based on Kalman filtering and smoothing techniques, arising in the state estimation theory. The approach gives a deeper insight to the manipulator dynamics, which was possible due to the establishment of the equivalency of the discrete-time state space systems and the reported spatially recursive state space model, in which the distance between two successive joints plays the role of time interval of the discrete-time models.
In this paper, Gaussian elimination (GE) [1] is performed symbolically to obtain the desired decomposition. That is, instead of evaluating the values of the elements of the generalized inertia matrix (GIM), they are, first, written as analytical expressions. This is done by writing the dynamic equations of motion based on the natural orthogonal complement (NOC) [7] , and its decoupled form [8] . Next, the rules of the GE are applied to obtain the analytical expressions for the elements of the decomposed matrices, which can be evaluated recursively. Note that the detection of the recursive relations in the GE is not so obvious in a numerical approach like [4] . Moreover, using the present approach, O(n) inverse and forward dynamics algorithms can be developed. In addition, the analytical expressions provide with many physical interpretations. Some of them explain the concepts like the articulated-body inertia [2] and the state estimation error covariance [6] . This paper is organized as follows: Section II derives the GIM, whereas its decomposition is shown in Section III. As an application of the decomposition, a forward dynamics algorithm is developed in Section IV, whose computational complexity is also reported. Finally, the conclusions are given in Section V.
II. GENERALIZED INERTIA MATRIX
The n 2n generalized inertia matrix (GIM), I, associated with the dynamic equations of motion of an n-link n-DOF serial manipulator, as shown in Fig. 1 , is derived in [7] , which is given as I T T MT; where M diag(M 1 ; 111; M n ) (1) and T is the 6n 2 n natural orthogonal complement (NOC) matrix [7] , whereas the 6 2 6 matrix elements, Mi, for i = 1;111;n, of the 6n 2 6n generalized mass matrix, M of (1), are the extended mass of the ith link with respect to its mass center C i , Fig. 2, i. e.,
M i
Ii O O m i 1 (2) in which I i and m i are the 3 2 3 inertia tensor about C i and the mass of the ith link, respectively.
Alternatively, the GIM, I, is derived in [8] as
and T d diag(p 1 ; 111 ; p n ). Note from the comparison of (1) and (3), T = T l T d [8] , which actually allows one to write the analytical expressions for the elements of the GIM, (8 1 and O being the 3 2 3 identity and zero matrices, respectively, which, henceforth, should be understood as of being dimensions compatible with the size of the matrix in which they appear. Also, C ij is the 3 2 3 cross-product tensor associated with the vector, c ij c j 0c i of Fig. 2 , which is defined as, C ij x c ij 2x, for any arbitrary 3-D vector, x, whereas the 3-D vectors, ei and di, are the unit vector parallel to the axis of the ith revolute joint and a position vector, respectively. For other type of joints, e.g., prismatic, vector pi should be derived accordingly. Furtheromre, the 6 2 6 matrices, M i , for i = 1;111;n, as in (4) , are the mass matrix of the ith composite body that consists of rigidly connected links, #i; 11 1;#n, with respect to Ci. MatrixMi can be obtained recursively as M i M i +M i;i+1 whereM i;i+1 B T i+1;iMi+1 B i+1;i (7) andMn+1 O since no (n + 1)st link exists, i.e.,Mn Mn. Now, using (6) and the the expression for T d , as after (3), the elements of the symmetric manipulator inertia matrix or the GIM, I; iij , are written as
where i = 1;111;j;j = 1;111;n. Equation (8) is also derived in [9] that is based on the Structurally Recursive Method. It is worthwhile to mention here that, without the analytical expression for iij , (8), the symbolic Gaussian elimination, as done in Section III, is not possible.
III. DECOMPOSITION OF THE GIM
In order to find the desired decomposition, Gaussian elimination (GE) [1] of the GIM is performed that never fails, since the matrix, I of (3), whose elemets are given in (8) , is symmetric positive definite (SPD). Note, however, that a modified GE, as described in the Appendix, and defined as the reverse Gaussian elimination (RGE), will be used. The reason is to obtain recursive relations that start from the nth link, similar to (4) . The steps to decompose the GIM are described below: 1) Based on (23) and (24), the RGE of I is performed, while k = n; 111; 2, i.e., EI = L2 where E E2 111 En (9) E and L2, respectively, being the n 2 n upper and lower triangular matrices. Using (10), the GIM, I of (9), is given as I = UL2; where U E 01 :
In (11) where the elements of the matrices, U and D, are evaluated from (24) to (27). Note here that the matrix,Mi;i+1, associated with the RGE, as in (26) and others, has the following interpretation: in contrast to the definition ofM i of composite body, (7), matrixM i;i+1 is the extended mass of articulated body i, which is defined as the system consisting of links #i; 111 ; #n that are coupled by joints i+1; 11 1;n, as illustrated in Fig. 1. That is,M i;i+1 is the result of the incorporation of the joints into the rigid ith composite system whose extended mass isMi. Moreover, matrixMi;i+1 is the articulatedbody inertia of link i, as derived in [2] , and the state estimation error covariance [6] that satisfies the discrete Riccati equations. Furthermore, the scalar,mi, is the moment of inertia of the ith articulated body.
IV. FORWARD DYNAMICS ALGORITHM
As an illustration, a forward dynamics algorithm is presented whose order of complexity is n; O(n). Assume that the equations of motion for the n-DOF manipulator, as shown in Fig. 1 , are I = (14) where I is the GIM whose elements are given by (8) , and
T is the n-dimensional vector of joint accelerations. Moreover, denotes the n-dimensional vector of torques or forces due to known external moments and forces, and those, arising from the gravity, centrifugal and Coriolis accelerations. Vector is assumed to be computed efficiently from an O(n) inverse dynamics algorithm, e.g., [4] , while = 0. Thus, in order to render an O(n) forward dynamics algorithm, it is necessary to solve from (14) with O(n) computations. This can be done using the proposed decomposition, i.e., by recursively solving the following three sets of equations, which are obtained from the substitution of (13) into (14), namely U^= ; D~=^; and U T =~:
The recursive scheme is as follows. and~i +1 ^i +1i+1 +~i +1;i+2 (17) in which~n;n+1 = 0, and^i+1 is given in (25). 
in which~1 0 = 0.
The computational complexity of the proposed algorithm is computed in terms of divisions or multiplications (M) and subtractions or additions (A), and compared with those of [2] , [4] in Table I .
The comparison shows that the complexity of the proposed scheme is very similar to that of [2] .
V. CONCLUSION
Based on the well-known method of decomposing a matrix using Gaussian elimination (GE), a symbolic decomposition of the manipulator matrix, i.e., the generalized inertia matrix (GIM) of a serial manipulator is proposed. The approach has the following features: i) Instead of finding the values of the elements of the GIM, as done in a numerical approach, e.g., in [4] , each element is found here as an analytical expression, (8) . ii) Since the natural orthogonal complement (NOC) matrix of [7] does not allow the symbolic representation of the GIM, the representation of the NOC as two decoupled matrices, as indicated after (3), is used. iii) The rules of the GE are applied to the symbolic representation of the elements of the GIM. As a consequence, the recursive relations between the elements of the decomposed matrices, U and D, (24)-(27), are recognizable. This is not possible in the numerical decomposition, e.g., in [4] .
iv) An O(n) simulation algorithm is developed in Section IV.
v) Each step of the proposed decomposition is provided with corresponding physical interpretations, as after (6) and (13). Finally, it is pointed out that even if there are similarities in the results and interpretations of this paper to those in [2] , [6] , the present approach is different, and its originalities are stated in the features, i)-iii) above.
APPENDIX: REVERSE GAUSSIAN ELIMINATION
Conventionally, the Gaussian elimination (GE) of a matrix [1] starts with the annihilation of the last (n 0 1) elements of the first column, wheras in the proposed reverse Gaussian elimination (RGE) annihilation starts with the last column, i.e., make first (n 0 1) elements of the last column zero.
To perform the RGE, the elementary upper triangular matrix (EUTM) [8] is introduced that is similar to the elementary lower triangular matrix (ELTM) [1] in the GE. An EUTM of order n and index k, denoted by E k , is defined as 
end do j; end do i; end for k.
In (24), matrix B ij , and vectors p i or p j are defined in (6) 
